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EXISTENCE, UNIQUENESS AND STABILITY OF TRANSITION FRONTS OF 
NONLOCAL EQUATIONS IN TIME HETEROGENEOUS BISTABLE MEDIA 


WENXIAN SHEN AND ZHONGWEI SHEN 


Abstract. The present paper is devoted to the study of the existence, the uniqueness and the 
stability of transition fronts of nonlocal dispersal equations in time heterogeneous media of bistable 
type under the unbalanced condition. We first study space non-increasing transition fronts and 
prove various important qualitative properties, including uniform steepness, stability, uniform 
stability and exponential decaying estimates. Then, we show that any transition front, after 
certain space shift, coincides with a space non-increasing transition front (if it exists), which 
implies the uniqueness, up to space shifts, and monotonicity of transition fronts provided that a 
space non-increasing transition front exists. Moreover, we show that a transition front must be 
a periodic traveling wave in periodic media and asymptotic speeds of transition fronts exist in 
uniquely ergodic media. Finally, we prove the existence of space non-increasing transition fronts, 
whose proof does not need the unbalanced condition. 
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1. Introduction 

This present paper is devoted to the investigation of transition fronts of the following nonlocal 
dispersal equation in time heterogeneous media 

Ut = J *u — u + f(t,u), (t, i) £ 1 x 1, (1.1) 

where J is a symmetric dispersal kernel function, [J * u](t,x) = f R J(% — y)u(t,y)dy , and / is a 
bistable type nonlinearity. More precisely, we assume that J and / satisfy (H1)-(H3) stated in the 
following. 
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(HI) J : R —>• M is continuously differentiable and satisfies J ^ 0, J{x) = J{—x) > 0 for x G R, 
f R J(x)dx = 1 and 

f J(x)e' YX dx < oo, f | J'(x)\e' yx dx < oo, V 7 € M. 

Jr Jr 

(H2) There exist C 2 functions f B : R —> R and fg : R —x R such that 

Jb{u) < f(t,u ) < /b(u), (i,u) eRx [ 0 , 1 ]. 

Moreover, the following conditions hold: 

— / : E x R -)■ 1 is continuously differentiable, and satisfies 

sup (\f t (t,u)\ + \f u {t,u )\) < 00 ; 

(t,u)€Rx[—1,2] 

— f B is of standard bistable type, that is, f B { 0) = f B (9) = /b( 1) = 0 for some 9 G (0,1), 
Jb(u) < 0 for u G (0, 9), f B (u) > 0 for u G ( 9 ,1) and satisfies the unbalanced condition 

the speed of traveling waves of u t = J * u — u + /b(m) is positive; ( 1 . 2 ) 

— fg is also of standard bistable type, that is, fg( 0 ) = fg(9) = Jb ( 1 ) = 0 for some 
9 G (0,1), fg(u) < 0 for u G (0, 6) and fg(u) > 0 for u G (6, 1). 

We remark that (H2) implies that f(t , 0) = 0 = f(t, 1) for all t G R, that is, u = 0 and u = 1 are 
two constant solutions of nni>, and the speed of traveling waves of 

u t = J *u-u +f B (u) (1.3) 

is unique, and traveling waves of (El are unique up to shifts (see 0 )- Here, by traveling waves of 
El, we mean global-in-time solutions of the form J>b{x — c B t) with cf> B (—o o) = 1 and <j) B (oo) = 0. 
Moreover, the unbalanced condition (11.211 is equivalent to the speed of traveling waves of El being 
nonzero and f B (u)du > 0. Note this is different from that in the classical case, where the speed 
of traveling waves of u t = u xx + f B (u) has the same sign as that of the integral / 0 ' f B (u)du (see e.g. 

SD- 

The next assumption makes sure the uniform stability of u = 0 and u = 1. 

(H3) There exist 9q, 9\ with O< 0 O< 0 < 0 < 01<1 and /?o > 0, /3\ > 0 such that 
fu(t,u) < -fio, u G [—1, 0 O ] and f u (t,u) < -ft, u G [0 1 ; 2] 
for all t Gl. 

Sometime, we also assume that / satisfies 
(H4) The ODE 

u t = f(t,u) (1.4) 

has an entire solution ito : R R satisfying 

— 0 < inf teR u 0 (t) < sup tgR u 0 (f) < 1 ; 

— there exists 0 < <5q 1 such that 


inf inf f u (t,u)>0, 

teMue[uo(t)—s 0 ,u 0 (t)+So] 

— for any to G 1, «i G (0,ito(to)) and u-i G (uo(fo), 1), there holds 
u(t; to, iti) — > 0, u(t\to, U2) —> 1 as t — t 0 -> 00 , 
where u(t;to,Ui) are the solution of (11.41) with u(to’,to,Ui) = Ui (i = 1,2). 


(1.5) 
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Among others, equation ED is used to model the evolution of population density of species with 
Allee effect. A typical example is f(t,u) = u(u — 9(t))( 1 — u) for appropriate 9{t). Solutions of 
particular interest are transition fronts connecting 0 and 1 due to their importance in describing 
extinction and persistence of population. In the case that f(t,u ) = f(u) is independent of t, 
transition fronts are strongly related to traveling waves, that is, solutions of the form u(t, x) = 
(j){x — ct) for some f> : R —x (0,1) and cel with </>(—oo) = 1 and cf>( oo) = 0. The reader is referred 
to mm for the study of the existence, the uniqueness and the stability of traveling waves of ED 
in time independent bistable media. Also, see MM and references therein for more related 
works. In |15j . time almost-periodic traveling waves of ED in the present of random diffusion are 
studied when f(t , u) is almost periodic in u. As far as general time heterogeneity is concerned, there 
is little study on transition fronts of ED with bistable nonlinearity. 

The objective of this paper is to study the existence, the uniqueness and the stability of transition 
fronts of ED when / is a general time dependent function satisfying (H2) and (H3). We recall the 
definition of transition fronts. 

Definition 1.1. Suppose /(f, 0) = 0 = /(f, 1) for all t £ K. A global-in-time solution u(t,x) of 
ED is called a (right-moving) transition front (connecting 0 and 1) in the sense of Berestycki- 
Hamel (see [11} 12], also see (4TJ [42]^ if u(t,x) £ (0,1) for all ( t,x ) elxl and there exists a 
function X : R —x R, called interface location function, such that 

lim u(t, x + X(t)) = 1 and lim u(t, x + X(t)) = 0 uniformly in t £l. 

x — y —oo x—>oo 

The notion of a transition front is a proper generalization of a traveling wave in homogeneous 
media or a periodic (or pulsating) traveling wave in periodic media. The interface location function 
X(t) tells the position of the transition front u(t, x) as time t elapses. Notice, if £(f) is a bounded 
function, then X(t) + £(f) is also an interface location function. Thus, interface location function 
is not unique. But, it is easy to check that if Y(t) is another interface location function, then 
X(t) — Y(t) is a bounded function. Hence, interface location functions are unique up to addition 
by bounded functions. The uniform-in-f limits (the essential property in the definition) shows the 
bounded interface width , that is, 

V 0 < ei < 62 < 1, supdiamja; € R|ei < u(t,x) < 62 } < 00 . ( 1 . 6 ) 

teR 

This actually gives an equivalent definition of transition fronts, that is, a global-in-time solution 
u{t,x) of (11.11) is called a transition front if u(t,x ) S (0,1) for all (f, x) tlxM, u(t,x ) —X 1 as 
x —X —00 and u(t, x) —x 0 as x —X 00 for all fgK, and (11.61) holds. 

In the study of the existence, the stability and the uniqueness of transition fronts of ED, sub- 
and super-solutions and comparison principles play crucial roles. We remark that showing a function 
constructed from a transition front is a sub-solution or a super-solution usually involves the space 
derivative of the transition front. However, neither the definition nor the equation ED guarantees 
any space regularity of transition fronts. In [51] . we studied the space regularity of transition fronts 
of nonlocal dispersal equations in general heterogeneous media. The following proposition follows 
from EQ Theorems 1.1 and Corollary 1.6]. 

Proposition 1.2. Assume (H1)-(H3). Letu(t,x) be an arbitrary transition front of (11.11) and X{t) 
be its interface location function. Then, 
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(i) there exists a continuously differentiable function X : R —>• R satisfying 

Cmin — x(t)< 

Crnax; Vi el 

for some 0 < c m i n < c max < oo such that 

sup \X(t) — X(f)| < oo; 

teK 

in particular, X(t) is also an interface location function ofu(t,x); 

(ii) u(t, x ) is regular in space, that is, u(t , x ) is continuously differentiable in x for any t G R 
and satisfies 

sup | u x (t, x)| < CXD. 

(t,cc)GMxR 

We point out that Proposition [L2] highly relies on the unbalanced condition (11.211 . Replacing m 
by the speed of traveling waves of (11.31) being nonnegative, Proposition II. 21 fails when (11.311 admits 
discontinuous traveling waves with zero speed (see [8] for the sufficient and necessary condition). 
Whether Proposition 1 1.2 1 holds when (11.31) admits continuous traveling waves with zero speed leaves 
an interesting open question. 

By Proposition 11.21 without loss of generality, we may then assume that the interface location 
function X(t) of a transition front u[t,x) is continuously differentiable and satisfies 

Cmin <X(t) 

— Cmax? Vi G R (1.7) 

for some 0 < c m i n < c max < oo. This shows the rightward propagation nature of transition fronts in 
the sense of Definition 11.11 

By general semigroup theory (see e.g. [HU) and comparison principles, for any uq G C^ nif (R, K) 
and to G r, m has a unique global solution u(t, -;to,uo) € C(( nif (R, R) with u(to, •; to, uq) = uo, 
where 

C^ nif (R, R) = C(R,R) : u is uniformly continuous on R and sup |m(*)| < oo 
L xGR 

equipped with the norm ||m|| := sup xeR |u(a:)|. 

Throughout this paper, we assume (H1)-(H3). Among others, we prove in this paper the following 
results. 

(i) (Uniform steepness) Assume that u(t, x) is a space non-increasing transition front of (11.11) 
with X(t) being its interface location function. For any M > 0, there holds 

sup sup u x (t,x) < 0 

teK \x-X(t)\<M 

(see Theorem 12. ID . 

(ii) (Uniform exponential stability) Assume that u(t, x) is a space non-increasing transition front 
of (II. ID . Let {ut 0 }t 0 eR be a family of uniformly continuous initial data satisfying 

u(t 0 ,x - fo) - Mo < u to (x) < u(t 0 ,x -£q) + ij o, x e R, to G R 

for g R and /to € (0, min{0o, 1 — 0i}) being independent of to G R. Then, there exist 
to-independent constants C > 0 and w* > 0, and a family of shifts {£t 0 }to6R C R satisfying 

su Pt 0 e* I6 0 l < 00 suc b ^at 

sup | u(t, x; t 0 , ut 0 ) - u(t, x - ^ to )| < 
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for all t > to and to € R (see Theorem 13.ID . 

(iii) (Exponential decaying estimates) Assume that u(t, x) is a space non-increasing transition 
front of ED with X(t) being its interface location function. There exist two exponents 
c± > 0 and two shifts h± > 0 such that 

u{t, x + X(t) + h+) < e~ c+x and u{t, x + X(t) — h_) > 1 — e c ~ x 
for all (t,x) € K. x K. (see Theorem ld.fi) . 

(iv) (Uniqueness and monotonicity) If u(t,x) and v(t,x) are two transition fronts of (11.11) with 
u(t, x) being non-increasing in x, then there exists a shift £ £ R such that 

v(t, x) = u(t, x + £), V(1 ,i)£KxK 

and hence v(t,x) is also non-increasing in x (see Theorem 15. II) . 

(v) (Periodicity) If u(t, x) is a space non-increasing transition front of (11.11) and, in addition, 
f(t,u) is periodic in t, then u(t,x) is a periodic traveling wave (see Theorem 16. If ill. 

(vi) (Asymptotic speeds) If u(t,x ) is a space non-increasing transition front of (11.11) and, in 
addition, f(t,u ) is uniquely ergodic, then limt _ j .± 00 exist (see Theorem 16. lf iill. 

(vii) (Existence) Assume, in addition, (H4). There is a space non-increasing transition front of 
(11.11) (see Theorem 17.II) . 

We make some remarks about the above results. 

(1) From (i)-(iv), we see that if (11.11) admit a space non-increasing transition front under assump¬ 
tions (H1)-(H3), then transition fronts of (11.11) are non-increasing in space, exponentially 
stable, exponentially decaying and unique up to space shifts. We point out that it can be 
shown that any transition front of corresponding reaction-diffusion equations in time het¬ 
erogeneous media is non-increasing in space (see e.g. j4lj[48j), while it is not an easy job for 
nonlocal dispersal equations partly due to the lack of Harnack’s inequality. 

(2) Note that the nonlinearity f(t,u) satisfying (H2) and (H3) are bistable only in the general 
sense. For each t £ t, f(t, •) may not be of bistable type. In particular, multiple zeros 
between 0 and 1 are allowed. It is not known (even in the reaction-diffusion equation case) 
whether the assumptions (H2) and (H3) on f(t,u) are sufficient for the existence of space 
non-increasing transition fronts, which is guaranteed under the additional assumption (H4). 
This is given in (vii). 

(3) The establishment of the uniform exponential stability in (ii) in this general form is the 
most important result of the present paper, and the applicability of the uniform exponential 
stability to arbitrary transition fronts and other families of initial data is the key to the proof 
of (iii) and (iv), and then to that of (v) and (vi). We remark that for reaction-diffusion equa¬ 
tions, the usual exponential stability instead of the uniform exponential stability, together 
with standard arguments using parabolic regularity, comparison principles and Harnack’s 
inequality, are sufficient for various qualitative properties such as exponential decaying esti¬ 
mate and uniqueness (see e.g. [33ll48] l. But for nonlocal equations, the standard arguments 
do not work very well, since we are lack of enough regularity, the comparison principles are 
not as flexible as that for reaction-diffusion equations, and Harnack’s inequality is not known 
in the nonlocal case. 
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(4) The proof of (vii) actually does not need the unbalanced condition (11.211 . This is because we 
take a perturbation approach, that is, we consider the perturbed equation 

u t = J * u — u + eu xx + (i,i)elxl, (1.8) 

and take advantage of the fact that the existence of transition fronts of (11.811 does not need 
m- Of course, without (11.2D . constructed transition fronts of EB may not be continuous 
in space as mentioned after Proposition 11.21 It would be interesting to study qualitative 
properties of transition fronts in the absence of m- 

(5) It should be pointed out that (H2) can also be applied to a general bistable nonlinearity 
/(f, u) with the speed of traveling waves of u t = J*u — u + f B (u) being negative. In fact, 
let v(t,x) = 1 — u(t,x). Then, v(t,x) satisfies 

Vt = J * v — v + f(t,v), (i,i)elxl, 

where f(t , v ) = —f(t, 1 — v). Hence 

Ib{v) < f(t,v) < f B (v), (M)elxlx [ 0 , 1 ] 

where f B (v ) = -f B (l - v ) and f s (v) = -f B ( 1 - v). Clearly, f B (-) and fg(-) are two 
standard bistable nonlinearities and the speed of traveling waves of Ut = J * u — u + f B ( u ) 
is positive. 

We remark that transition fronts can be defined in the same way for more general equations, say, 

ut = J * u — u +f(t,x,u). (1-9) 

Equation ed in various homogeneous media, i.e., f(t , x, u ) = f(u) with various types of nonlinearity 
/(•), is well studied. We refer to [ 8 ] HU [16| [El DOS 00] and references therein for results concerning 
traveling waves. There are also some results concerning periodic traveling waves in periodic media 
of monostable type (see e.g. [2DJ [25] [35' [32] [33] [S|). The study of (11.91) in general heterogeneous 
media is very recent and results concerning front propagation are very limited. In [9], Berestycki, 
Coville and Vo studied principal eigenvalue, positive solution and long-time behavior of solutions of 
(ED in the space heterogeneous monostable media. In [3T], Lim and Zlatos also studied ED in 
the space heterogeneous monostable media, but with different settings, and proved the existence of 
transition fronts. In [13], Berestycki and Rodriguez studied propagation and blocking phenomenon 
of (11.91) with barrier nonlinearities in space heterogeneous media of bistable type. In [49] [50], the 
authors of the present paper studied (11.91) in time heterogeneous media of ignition type and proved 
the existence, regularity and stability of transition fronts. 

We end the introduction by mentioning some relevant results about reaction-diffusion equations 
and discrete equations in bistable media, that is, 

u t = u xx + f{t,x,u), (t,i)£lxK ( 1 . 10 ) 

and 

iii = Mj+i — 2ui + Ui-i + f(t, i, u), (t,i)elx Z, (1-11) 

where / in both cases is of bistable type. As a classical model, (11.101) has been attracting extensive 
studies and results concerning front propagation are quite complete except in the most general case, 
i.e., f(t , x , u) depends generally on both t and x (see [ 2 ] [4] [5] QD [231 EH ESI E3 ESI ES] [34] [35] 1371 
[38] EU [421 HU ESI ESI EU m]) and references therein. As (11.91) in the bistable case, not a lot is 
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known about (11.111) . We refer the readers to [2X1 E2 [Ml Ell EH] and references therein for works in 
homogeneous media, and to 021143] for works in periodic media. 

The rest of the paper is organized as follows. In Section 2, we focus our study on uniform steepness 
of space non-increasing transition fronts of m- We investigate uniform exponential stability and 
exponential decaying estimates of space non-increasing transition fronts of Oi in Sections 3 and 
4, respectively. In Section El we show that any transition front of equation (11.11) , after certain space 
shift, coincides with a space non-increasing transition front (if it exists). In Section El under the 
additional time periodic assumption on the nonlinearity, we show that any transition front must be 
a periodic traveling wave. Under the assumption that the nonlinearity f(t,u ) is uniquely ergodic, 
we show that asymptotic speeds of transition fronts exist. In Section El we prove the existence of 
space non-increasing transition fronts of (HD- In Appendix El we state some comparison principles. 

2. Uniform steepness of space non-increasing transition fronts 

In this section, we study the uniform steepness of space non-increasing transition fronts of m- 
Throughout this section, we assume (H1)-(H3). 

Suppose that u(t,x) is a transition front. For A £ (0,1), let X^(t) and AT)J’(f) be the leftmost 
and rightmost interface locations at A, that is, 

X^(t) = inf{ic £ R|u(t, x) < A} and X^(t) = sup{x £ x) > A}. (2.1) 

Trivially, X7[t) < X^(t) and A ± (t) are non-increasing in A. We see that it may happen that 
u(t,Xff(t)) > A or u(t, Xjf(t)) < A due to possible jumps. But, it is clear that u(t,x ) > A for 
x < Xff(t) and u(t, x) < A for x > X^ ( t ). 

In what follows in this section, u(t, x) will be an arbitrary transition front of (11.11) that is non¬ 
increasing in space, i.e., u x (t,x) < 0 for ( t,x ) £lxl (recall that by Proposition II. 21 any transition 
front is continuously differentiable in space). By comparison principle, u(t,x ) is decreasing in x for 
any t £ R. As a result, for any A £ (0,1), the leftmost and rightmost interface locations coincide, 
i.e., X^(t) = Xff(t), which will be denoted by X\(t). In particular, u(t,X\(t)) = A. Let X(t) be 
the interface location function corresponding to u(t,x). Without loss of generality, we assume that 
X(t) satisfies (11.71) . 

The main result in this section is given in 
Theorem 2.1. For any M > 0, there holds 

sup sup u x (t,x ) < 0. 

teR \x-X(t)\<M 

To prove Theorem 12.11 we first prove two lemmas. The first lemma follows directly from the 
definition of transition fronts. 

Lemma 2.2. For any A G (0,1), there hold 

sup | X{t) — X±(t) | < oo. 

teR 

Proof. By the uniform-in-f limits lim^^-oo u(t, x + X(t)) = 1 and lim^^oo u(t, x + X(t)) = 0, there 
exist X\ and x ’2 such that u(t,x + X(t)) > A for all x < x\ and t £ R, and u(t,x + X(t)) < A for 
all x > X 2 and t £ R. It then follows from the definition of X±(t) that X\ + X(t) < Xf^(t) and 
X 2 + X[t) > X^(t) for all UK. In particular, 

x\ + X(t) < X^(t) < X jj"( t) <X2 + X(t), Ut. 
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This completes the proof. □ 

We remark that the monotonicity of u(t, x ) in x is not required in the above lemma, which is true 
for an arbitrary transition front. That is why we used W(l) instead of X\(t). 

As a simple consequence of implicit function theorem, the equation u(t, X\(t)) = A, Lemma |2.21 
and Theorem 12.fl we find 

Corollary 2.3. For any X £ (0,1), X\(t) is continuously differentiable and satisfies 

X\(t) =--77—77TT, Vf £ R and sup |A A (t)| < 00. 

Ux\t,X\(t)) teR 

Since u t (t,x ) changes signs in general due to the time dependence of f(t,u), X\(t) changes its 
signs. Thus, in general, transition fronts in the present case move to the right with oscillations. 

The next lemma inspired by |16| Theorem 5.1] and [411 Lemma 3.2] is crucial to uniform steepness. 
We refer the reader to Appendix lAl for comparison principles. 

Lemma 2.4. Let ui(t, x\ t) and U 2 (t,x;r) be sub-solution and super-solution of (11.11) . respectively, 
and satisfy 

— 1 < Ui(t, X\ t) < U 2 (t, x\ t) < 2, l£l, t > T. 

Then, for any t > to > t, h > 0 and z£l, there holds 

rz+h 

ui(t,x;r) - u 2 {t,x\r) < C / [ui(t 0 , y, r) - u 2 (t 0 , y, r)\dy, x G R, 

J z—h 

where C = C{t — to, \x — z\, h) > 0 satisfies 

(i) C —y 0 polynomially as t — to —> 0 and C —>• 0 exponentially as t — to —t 00; 

(ii) C : (0,oo) x [0,00) x (0,oo) —> (0,oo) is locally uniformly positive in the sense that for any 
0 < t\ < t 2 < 00, Mi > 0 and hi > 0, there holds 

inf C(t , M, h) > 0. 

te[ii,t2],Me[o,Mi],/ie(o,/ii] 

Proof. Let t > t 0 > t. Set Vi(t,x) := ui(t,x;r) and V 2 (t,x) := U 2 {t,x\r). By assumption, 
v(t, x) := Vi (t, x) — V 2 (i, x) < 0 and satisfies 

v t <J*v-v + f(t, vi) - f(t , v 2 ). 

By (H2), we can find K > 0 such that f(t,v 1) — f(t,v 2) < —K(yi — v 2 ), which implies that 

Vt < J * v — v — Kv. 

Setting v(t,x) := x) < 0, we see 

v t < J * v < 0. (2-2) 

In particular, v(t,x) < v(to,x). It then follows that 

v t {t,x) <[J* v(t, -)](x) < [J * v(t 0 , ■)](*)• 

Integrating over [to,t] with respect to the time variable, we find from v(to,x ) < 0 that 
v(t,x) <(t- t 0 )[J * v(t 0 , -)](a:) + v(t 0 ,x) < (t - t 0 )[J * v(t 0 , -)](^)- 
In particular, for any T > 0, we have 

v(t 0 + T,x) < T[J * v(t 0 , -)](x). 


(2.3) 
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Then, considering (I2.2|) with initial time at to + T and repeating the above arguments, we find 

v(to + T + T,x) < T[J * v(to + T, -)](x) < T 2 [J * J * v(t 0 , -)](x), 

where we used m in the second inequality. Repeating this, we conclude that for any T > 0 and 
any N = 1,2, 3,..., there holds 

v(t Q + NT, x) < T n [J n * v(t 0 , -)](*). ( 2 - 4 ) 

where J N = ,/*,/*•••* ,/. Note that J N is nonnegative, and if J is compactly supported, then J N 

N times 

is not everywhere positive no matter how large N is. But, since J is nonnegative and positive on 
some open interval, J N can be positive on any fixed bounded interval if N is large. Moreover, since 
J is symmetric, so is J N . 

Now, let x € R, z £ R and h > 0, and let N := iV(|x — z |, h ) be large enough so that 
C = C(\x — z\, h) := inf J N (y) > 0. 

y(z[x—z—h,x—z-\-h\ 

Note that the dependence of N on x — z through \x — z\ is due to the symmetry of J N . Moreover, 
the positivity of C : [0, oo) x (0, oo) —>• (0, oo) is uniform on compacts sets, which is because N can 
be chosen to be nondecreasing in \x — z\ and in h. 

Then, for t > to, we see from (12.41) with T = that 

v{t, x) < J N {x - y)v(to, y)dy 

< (jjr) N fS h jN{x ~ v)x{to ' y)dy 

- e ( i 7r) 5( ‘ 

since x — y € [x — z — h, x — z + h\ when y G [z — h, z + h\. Going back to v(t , x), we find 

/ -j- _ j- \ N pz-\-h 

ui(t,x-,T) - u 2 {t,x;T) < Ce~ {1+K){t ~ to )( — J [ui(t 0 ,y,T) - u 2 (t 0 ,y,T)]dy 

The result then follows with C = Ce~( 1 + K )( t ~ t o) (*^a) N , □ 

As a simple consequence of Lemma 12.41 we have 
Corollary 2.5. For any t > to > t, h > 0 and zgl, there holds 

rz + h 

u x (t,x)<C / u x (to, y)dy, ieR, 

J z—h 

where C > 0 is as in Lemma \2.^\ 

Proof. Applying Lemma [2.41 with u\ = u(t,x + e) and U 2 = u{t,x), dividing the result by e and 
passing to the limit e —> 0 + , we conclude the lemma. □ 


Now, we prove Theorem 12.II 
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Proof of Theorem \2.1[ Recall X\(t) := X±(t). By Lemma [2~2l sup tgR | X(t) — -X>i(i)| < oo. 
Fix any Ao £ (0,1) and set 


h\ 0 := max sup |X(f) - X\g (t )|, sup \X[t) - X i+x 0 (t)\ >. 

L teR 2 te* 2 ) 

Then, h a 0 < oo and 

X(t) + h\ 0 > X\a (t), X(t) — h\„ < X i+a q (t) 

2 2 

for all 1 S 1. Now, fix r > 0. For 1 6 R, we apply Lemma [2.41 with z = X(t) and h 
that if \x — X(t)\ < M, then 

fX(t)+h \ 0 

u x (x + t,x) < C(t, M,h\ 0 ) / u x {t,y)dy 

Jx(t)-h Xo 

= C(t , M, h\ 0 )[u{t,X(t) + h \ 0 ) - u(t,X(t) - h Xo )] 

< C{t , M, h\ 0 )[u(t, X\ 0 ( t)) - u(t,Xi+x 0 (t))] 

2 2 

C(t, M, h \ 0 ) 

~~ 2 


(2.5) 


h Xo to see 


( 2 . 6 ) 


where we used m and the nronotonicity in the second inequality, and C(r, M, h\ 0 ) = inf^-g^M] C(r, K , h\ 0 ). 
To apply (12.611 . we see that if \x — X(t + 1)| < M, then 


\x — X(t)\ < \x — X(t + 1)| + | X(t + 1) — X(t)\ < M + c max , 

where we used & We then apply (12.611 with M replaced by M + c max and r replaced by 1 to 
conclude that 

u x {t + l,x)<—— inf C(l, K, h\ 0 ). 

2 K6[0,M+c max ] 

Since t £ R is arbitrary, we arrive at the result. □ 


3. Uniform exponential stability of space non-increasing transition fronts 

In this section, we study the stability of space non-increasing transition fronts of (HUD- Through¬ 
out this section, we assume (H1)-(H3) and assume that u(t,x) is a transition front of (11.11) with 
interface location function X(t) and u x {t,x) < 0. 

The main results in this section are stated in the following theorem. 

Theorem 3.1. (i) Let u 0 : R —> [0,1] be uniformly continuous and satisfies 

liminf uo(a;) > 8\ and limsupMo(aO < $o, 

X ^ OO x —>-oo 

where 6q and 6 1 are as in (H3). Then, for any to £ R, there exist f = £(io,wo) £ R, 
C = C{uo) > 0 (independent of to) and w* > 0 (independent of to and uq) such that 

sup | u(t,x; t 0 ,uo) — u(t , x — £)| < Ce~ u, ^~ to ^ 


for all t > to- 
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(ii) Let {Mt 0 }t 0 gR be a family of uniformly continuous initial data satisfying 

u(t 0 ,x- £cT) - La < u to {x ) < u(t 0 ,x- £(f) + p 0 , i€l, 

for £ R and po £ (0, min{(9o, 1 — Oi}) being independent of to £ R. Then, there exist 
to-independent constants C > 0 and w* > 0, and a family of shifts {£t 0 }t 0 en C R satisfying 
siip toeR |£ to | < oo such that 

sup \u(t,x-,t 0 ,u to ) - u(t,x- C* 0 )l < Ce~ Ut(t ~ to) 
x€M 

for all t > to and to £ R. 

To prove Theorem 13.II we first show two lemmas. 

Lemma 3.2. Let uq be as in Theorem \3.1l Then, for any to £ R, there exist = £^(to,tio) €E R, 
p = p(uo) > 0 (independent of to) and ui = min{/3o>/3i} > 0 (independent of to and uq) such that 

u(t, x — £ _ (t)) — pe~ u ^~ to ^ < u(t, x ; to, uq) < u(t, x — £ + (f)) + pe~ u ^~ to \ i£l (3.1) 

for t > to, where fio and /3i are as in (H3), and 

e ± (t)=^ ± ±—(l-e- w(t - 4o) ), t>t 0 

UJ 

for some universal constant A > 0. In particular, there holds 

u(t , x — f~) — pe~ u ^ t ~ to ' > < u(t, x\ to, uq ) < u(t, x — £ + ) + pe~ u ^~ to \ x £ R 
for t > t 0 , where ^ ± 

Proof. Let uo be as in the statement of Theorem 13.1 l ib Let p 0 = p±(uo) be such that 
9 1 < 1 — p3 < liminf uq(x) and limsupuo(a;) < pt < 9 q. 

X ^ OO x—too 

Then, for any to £ R, we can find = £±(t q, uq) such that 

u(t 0 ,x - CcT) - Mo < u o(x) < u(t 0 ,x - £j~) + Pq, xeR. (3.2) 

To show the lemma, we then construct appropriate sub- and super-solutions and apply comparison 
principle. We here only prove the first inequality in (13.11) : the second one can be proven along the 
same line. To do so, we fix ui > 0, A > 0 (to be chosen) and set 

u~(t, x) = u(t, x — f(t)) — p)f 

where £(f) = £q — — e~ u ^~ to ^). We then compute 

Uf ~[J*u~ - u~} - f(t, u~) 

= f(t,u(t,x - €(t))) - f(t,u~(t,x )) + Apq e-^^-^Uxit, x - £(t)) +w/i 0 "e'“ ( '“ io) . 

Now, we let M > 0 be so large that 

VfeR - 00 if x-X{t)>M, 

^ii(t, x) > 9\ + p^f if x — X(t) < —M. 

Notice such an M exists due to Lemma ET21 Then, we see 
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• if x — £(t) — X(t) > M, then u~(t,x) < u(t,x — £(t)) < Oq , and then by (H3), 

f(t,u(t,x - £{t))) - f(t,u~(t,x)) < -p 0 [u(t,x - £(t)) -u~(t,x)\ 

Since Apff e~ u( - t ~ t °' l u x (t 1 x — £(f)) < 0, we find 

uf — [J * u~ — it - ] — f(t, u~) < —/3oHq + w pff e~ u( ' t ~ t °' > < 0 

if w < /3 0 ; 

• if x — £(f) — X(t) < —M, then 

u(t, x — £(t)) > u~(t , x) = u(t, x — £(t)) - ix q e~ u ^~ to ^ > 9i + Pq — Pq = 0 1; 
and then by (H3), 

f(t,u(t,x-£(t)))-f(t,u~(t,x)) < —fillip e _ “ (t_to) . 

Hence, uf — [J * u~ — u~} — f(t, u~) < 0 if uo < /3i; 

• if \x — £(t) — X{t )| < M, then by Theorem 12.11 

Cm ■= sup sup u x (t, x — £(i)) = sup sup u x (t,x) < 0. 

teR |x-f(t)-X(t)|<M teR \x—X(t)\<M 

Since 

| f(t,u(t,x - £{t))) - f(t,u~(t,x))\ < C«/i 0 _ e““ (t " to) 
for some C* > 0, we find 

u t ~ [J * u ~ — u~} - f(t, u~ ) < (C*Hq + AixqCm + wpo < 0 

if A > 

— -Om 

Hence, if we choose uj = min{/3o, /?i} and A = (note u> = min{/3o, /?i} < C*), we find 

ut < J *u~ — u~ + f(t , it - ), igR, t > to, 
that is, u~(t,x) is a sub-solution on (to,cso). Since 

u~(t 0 ,x) = u(t 0 ,x- £cT) - Mo < u o(x) 
due to (13.21) . we conclude from comparison principle that 

u(t, x — f(t)) — = u~(t, x) < u(t, x; t 0l uq), i£l, t>to- 

Setting p = lnaxj/i^, / u ( j'}, we complete the proof. 

The proof of Lemma 13.21 gives the following 
Corollary 3.3. Suppose that uq : M —> [0,1] is uniformly continuous and satisfies 
u(t 0 ,x- lo ) - Mo S u 0 (x) < u(t 0 ,x- + fig, x € R 

for to € R, U €E IK and p± > 0 satisfying 9\ < 1 — pff and Pq < do, where 9 q and 9\ are as 
Then, there exist p = max{(iQ , p^ } > 0 and uo = min{/3o, /?i} > 0 such that 

u(t, x — i~(t)) — pe~ ul( ' t ~ to ' > < u(t, x\ to, uq) < u(t, x — f + (t)) + /ie - “^ -to \ igl 

for t > to, where 

i ± (t) = ^±^(l-e-^ t ~^), t > t 0 

UJ 


□ 


in (H3). 
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for some universal constant A > 0. In particular, we have 

u(t,x — £~) — < u(t,x-,to,uo) < u(t,x — f + ) + fie~ u ^ t ~ to \ ieK 

for t > t 0 , where ± ^ • 

The next lemma is the key to the proof of Theorem 13.II We will let u(t, x; to), t > to be a solution 
with initial data Uq at time to G R. 


Lemma 3.4. There exists e* G (0,1) such that if there holds 

u(t, x — £) — 5 < u(t, x; to) < u(r, x — £ — h) + 5, i£l (3-3) 

for some t > to, £ G R, h > 0 and S G (0, min{0o,l — 0i}), then there exist f(t), h(t) and 5(f) 
satisfying 

2A5 ~ 

€(*) e K-,£ + e*min{l,/>}] 

UJ 

0 <h(t) < h — e* min{l, h} H- 

0J 

0 <5(t) < [5e-“ + C*e* min{l, h jJe-Kt-r-t) 


such that 

u(t,x — £(f)) — 5(f) < u(t,x\to) < u(t,x — £(f) — h(t)) + 5(t), x G R 
for t >t + 1, where A > 0 is some universal constant and C* = sup( t a ,) gRxR \u x (t,x)\. 
Proof. Applying Corollary 13.31 to (13.31) . we find 


u(t,x — £ (t)) — 5e < u(t, x; t 0 ) < u(t, x — | + (t) — h) + 5e T \ (3.4) 

for t > t, where w = min{/3 0 , Pi} and ^(t) = £ ± ^-(1 - e 

We now modify (13.41) at t = r+1 to get a new estimate for u(t+ 1, x; to), and then apply Corollary 
13.31 to this new estimate to conclude the result. To this end, we set 

h = minjA, 1} and C steep = - sup sup u x (t,x). 

2 teR \x-x(t )\<2 


By Theorem 1 2. II Csteep < 0. Taylor expansion then yields 
pX(t )+1 

[u(t, x — h) — u(t, x)]dx > —2C s tee P h, Vt G R. 


JX(t)~ § 

In particular, at t = t, either 

r x(r)+i 


or 


>X(t)~ i 
r x ( T ) +i 

Jx(r )-i 


[u(r, x - h) - u(t, x + £; to)]da: > -C ste ep/i 
[u(r, X + £; to) ^ w(t, x)]dx > — Ceteeph 


must be the case. 

Suppose first that (13.61) holds. We estimate the following term 


(3.5) 

(3.6) 


u(t + 1 , x; t 0 ) — u(t + 1 , x — £ (r + 1) — e*h) 


from below, where e* > 0 is to be chosen. To do so, let M > 0 and consider two cases: (i) 
|x-|-X(r)| < M; (ii) |x — £ — A'(r)| > M. 
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(i) |x — £ — X(r)| < M. In this case, we write 

u(t + 1, x; to) — u{t + 1, x — £“ (r + 1) — e*h) 

= [u{t + 1, x; to) — u(t + l,x — (t + 1))] 

+ [ u{t + 1, x — |“(t + 1)) — u(t + 1, x — |“(t + 1) — e*h)\ 
=: (I) + (II). 

For (I), we argue 

- ~ AS 

(I) + Se~ w = u(t + 1, x; t 0 ) - [u(r + 1, x - £ 4-(1- e _tJ )) - i5e _w ] 

U! 

a AS 

= u(r + l,y + t 0 ) - [u(t + 1, y H-(1 - e _ “)) - c5e _ “] 

UJ 

(by y = x - | G X(t) + [-M, M]) 

= u(t + 1, y +to) - u(r + 1, y) 


(where u(t , y) = 

. AS. 

u(t,y 4-(1 

(jJ 

fX(r)+ 1 


>C(M) \ 

[u(r,y + i ; t 0 ) 

J X(r)- i 


/■A'(r) + i 


>C(M) \ 

[u(r,y + |;t 0 ) 

JX(r)-\ 



where the first inequality follows from Lemma 12.41 In fact, we know u(t,y + £;to) is a solution 
ofut = J * v — v + f(t,v), while u(t,y) is a sub-solution by the proof of Lemma 13.21 Moreover, 
w (£j2/ + £>^o) > u{t,y) by (13.41) . Then, we apply Lemma HPI with u\ = u(t,y) and U 2 = u(t,y + £;to) 
to conclude the inequality. Hence, (I) > — — C(M)C s t eep h. 

For (II), Taylor expansion yields for some x* £ (0 ,e*h) 

(II) = u x (t + l,x - |“(t + 1) - x*)e*/i > —e*h sup \u x (t, x)| > C(M)C steep h 

(£,cc)E MxR 

if we choose e* = min {1,- c ( AI )Csteep — j It then follows that 

1 ’ sup {tiX)eRxE |u x (t,x)| J 

u(t + 1, x; to) — u{t + 1, x — £~(t + 1) — e*h) > —Se~ u . (3.7) 

(ii) |x — £ — X(r)| > M. In this case, we have 

u{t + 1, x; t 0 ) ~ u(t + 1, x — (t + 1) — e*h) 


= [u(T + l,x-,t 0 )-u(T+l,x-£ (r + 1))] 

+ [u(t + 1 , x — £“(t + 1 )) — u(t + l,x — i~(r + 1) — e*h)\ 
>—5e~ ul — e*h sup \u x (t,x)\, 


(3.8) 


where we used the first inequality in (13.41) and Taylor expansion. 
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Hence, by (13.71) . (13.81) and the second inequality in (13.41) . we find 

u(t + 1, x — i~(r + 1) — e*h) — 5e~“ — C*e*h 

< u(t + l,x\ t 0 ) < u{t + 1,x — | + (t + 1) — h) + <5e _aj , 

where C* = sup^ x ) gRxR \u x (t,x)\. Taking e* smaller, if necessary, so that <5e _ “ + C*e*h < 
and applying Corollary 13.31 to (13.91) . we conclude 

u(t, x — £~(t)) — < u(t, x ; to) < u(t , x — £ + (t)) + 5e~ ul< - t ~ T ~ 1 ^ 

for t > t + 1, where u = min{/?o, pi}, S = maxlde - ^ + C*e*h, <5e _ “} = Se~ u + C*e*h and 

I"(i) = t(r + 1) + e*h - —(1 - e—Ct-r-D) 

id 

= i-^. +e * h+ ^[ e -“ + e -<-(t-r-i)] 

id id 

£ + (t) = £ + (r + l) + h+-(l-e-^-T-V) 

id 

= £+ — + h~ — [e~ u + e -^(t-r-i)]. 

UJ UJ 


Setting 


£(t) = £~(t) = £- — +e*h + —[e~ u + e—lt-r-i)], 

CO id 


AA6 2 AS 


e — +e — (t-r- b], 


h(f) = £ + {t) — £ (t) = h — e*h + 

id 

S(t) = Se-^-r-V = [Se~ u + C* e*h\e~ LJ< ^ t ~ T ~ 1 \ 
the estimate (13.101) can be written as 

u(t,x — £(t)) — S(t) < u(t,x;to) < u(t,x — £(t) — h(t)) + 6(t), x £ R, t > r+ 1. 

Note that (13.111) is obtained under the assumption (13.61) . 

Now, we assume (13.51) and estimate the following term 

il(t + 1, x\ to) — u(t + 1, x — £ + (r + 1) — h + e*h) 

from above. Arguing as before and replacing h by h at appropriate steps lead to 

u(t + 1, x ; to) — u(t + 1, x — £ + (t + 1) — h + e*h) < <5e — ^ + C*e*h , 

where C* = sup( tja ,) gRxR \u x (t, x)\. This, together with the first inequality in (13. 41) . yields 

u(t + l,x — £~(t + 1)) — <5e - “ 

< u(t + 1, x\ to) < u(t + 1, x — £ + (t + 1) — h, + e*h) + <5e - “ + C*e*h. 
Then, applying Corollary 13.31 to (13.121) . we find (13.101) again with 

£(t) = £ - — + — [e-“ + e -"(*- T -% 

id id 

h(t) =h-e*h + — - — [e“" + 

id UJ 


S(t) = [Se~ u + C*e*h\e 


— uj(t —r—l) 


(3.9) 
l — di, 
(3.10) 


(3.11) 


(3.12) 










16 


WENXIAN SHEN AND ZHONGWEI SHEN 


This completes the proof. 


□ 


Now, we use the “squeezing technique” (see e.g. [151lill to prove Theorem 13.II 


Proof of Theorem 1,9.11 (i) Let uo be the initial data as in the statement of the theorem. For any 
to G R, Lemma ITT~2l ensures the existence of = ^(tojUo) G K. and /r = n(uo) (independent of to) 
such that 

u(t, x — £“) — < u (£ ;X ; to, uq) < u(t, x — C + ) + /j,e~ u< ' t ~ t °' > 

for t > t 0 , where w = min{/3o, /3 l }• Choosing To = T 0 (uo) > 0 such that 

So : = ne.~ ulT ° < <5* := min {0 0 , 1 “ 01 > ^j"} < ^ 

we find 

u(t 0 + T 0 , x - Co) - <5 0 < u(t 0 + T 0 , x; t 0 , u 0 ) < u(t 0 + T 0 , x - Co - /i 0 ) + <^o, (3.13) 

where Co = C _ and ho = C + — C - - Notice, we may assume, without loss of generality, that C + > 
so ti 0 > 0. But, ho depends on uo, so we may assume, without loss of generality, that ho > 1. Let 
T > 1 be such that 

[e~ u + C'*e*]e - “ J(T-1) < <5* := minjflo, 1 - 0 X , ^}. 

We are going to reduce ho. 

Applying Lemma [3~~fl to (13.131) . we find 


u(to + T 0 + T, x - Ci) - 5i 

< u(t 0 +T 0 + T, x; t 0 , u 0 ) < u(t 0 + T 0 + T,x - U ~ hi) + <5i, 


(3.14) 


where 

Cl € [& - —, Co + e* min{l, ho}} = [Co - —, Co + c*] C [Co - Co + e*], 

UJ UJ 4 

n t * • ri t n , 4A(5 0 , * , 4A(5 0 „ ; e* 

0 </ii < ho — e mm{l, h 0 y H-= /i 0 — 6 H-< /zo ——, 

uj uj 2 

0 <5i < [i5oe _aJ + C*e* min{l, /i 0 }]e _ “ (T_1) = [S 0 e~ u + C*e*]e~ u( - T - 1 '> < S *. 

If til < 1, we stop. Otherwise, we apply Lemma T3.41 to (13.1411 to find 
u{to + To + 2 T, x — £ 2 ) — <^2 

< u(t 0 + T 0 + 2T, x; t 0 , u 0 ) < u(t 0 + T 0 + 2T, x - C 2 - h 2 ) + S 2 , 

where 

6 G [Ci - Ci + e* min{ 1, hi}} = [Ci - Ci + £*] C [Cl - Cl + e*], 

UJ UJ 4 

0 <h 2 < hi — e* min{ 1, hi} + = hi — e* 4-- < h 0 — 2(—), 

w uj 2 

0 <<5 2 < [fre - " + C*e* min{l, /n}]e _a,(r_1) = [<*ie _ “ + < <9*. 

If ^2 < 1, we stop. Otherwise, we apply Lemma [3~il to (13.151) . and repeat this. Suppose hi > 1 for 
alii = 0,1,2,... n — 1, we then have 

w(t 0 + T 0 + nT, x - Cn) - 

< u(t 0 + T 0 + nT, x; t 0 , u 0 ) < u(t 0 + T 0 + nT, x - Cn - h n ) + S n , 


(3.16) 
















EXISTENCE, UNIQUENESS AND STABILITY OF TRANSITION FRONTS 


17 


where 

in £ [in -1 - 2AS,1 ~ 1 ,in-i + e* min{l, /l„_l}] C [£„-1 - ^r,in -1 +e*], 

CJ 4 

n ^ l * ■ fi u 1 , 4Ad n _i t / e * N, 

0 </i„ < ftn-i - e - = h n -i - e H-</i 0 —n( —), 

Cl> Cl> 2 

0 <S„ < [<5n-ie"“ + C*e* min{l, = [<5„_ie“" + < <5*. 

Note that since /io > 1 and € (0,1), there must exist some N = N(uo) > 0 such that hi > 1 for 
i = 0,1,2,..., AT — 1 and 0 < ho — 1V(^-) < 1. In particular, hjy < 1. Then, we stop and obtain 
from (13.1611 that 

u(t 0 , x - io) - S 0 < u(t 0 , x ; t 0 , M 0 ) < u(t 0 , x - i 0 - h 0 ) + S 0 , (3-17) 

where to =to + T 0 + NT , £o = £n, ^o = $n < <5* and h 0 = h^ < 1. 

Now, we treat (13.1711 as the new initial estimate and run the iteration argument again. Let T > 1 
be such that 

[ e - + C'*c*]e-“( f -1) < min {<5*, 1 - y , £^(l - y)}. 

Applying Lemma ITTTT1 to (13.171) . we find 

u(t Q +T,x — ii) — 6\ < u(t 0 + T,x; t 0 , u 0 ) < u(t 0 + T,x — |i — hi) + Si, (3.18) 


where 

ii £ [Io-— ,lo + £*ho\, 

Cl! 

0 <h\ <ho~ e*ho + - < 1 — 

LU 2 

0 <(5i < [<5 0 e~“ + C'*e*/io]e _w(T_1) < min{<5*,l - y, -^y (l - y) j. 
Applying Lemma [3~~fl to (13.18|> . we find 

u(to + 2 T, x-i 2 )-~S 2 < u(to + 2 T, x; to, u 0 ) < u(t 0 + 2 T, a: - | 2 — ta) + ^ 2 , 


where 


I2 £ [Ii-7Ii + e *^iL 

UJ 

0 <h '2 <h\- e*hi H-y-- < (1 - — )(1 — e*) + y (l — y) = (1 — y) 2 ; 

0 <S 2 < [J ie -“ + C*e*h,< (1 - £) x min {§*, 1 - y, (i - y)}. 


Applying Lemma [331 repeatedly, we find for n > 3 

u(t 0 + nf, x - i n ) - S n < u(t 0 + nf , x; t 0 , u 0 ) < u(t 0 + nf , x - | n - /i„) + S n , 


(3.19) 
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where 


C r~ \C \ ~ . * 7 1 

4n G [sn—1 ?Sn-l “-n-lj? 

n ^ u I 4ylJ n -i ^ /1 e* 

0 <h n < h n — i e h n — i 4- ^ (1 0 

cj 2 


,n—1 


(i-o+lii-i-rMi-i. 


0<<5„ < [i n _ ie " w + < (l-l -)"- 1 xmin{5*,l-i-,^i-(l-i-)}. 

The result then follows readily. In fact, applying Corollary 13.31 to (I3.I9D for n > 0, we find, in 
particular, 


w(t, X d - $n) S n ^ w(t, 3-) ^0, Wo) — w(t, X h n dn ) d“ 

w w 

for all t > to + nT. Therefore, for t £ [to d- nT, to d-(n+ I)? 1 '), setting 5(t) = 6 n , £(t) = S n — yy S n 
and h(t) = h n + yj-<5n, we arrive at 

u(t, a; — f(t)) — 6 (f) < u(t, x; to, wq) < w(t, a: — £(t) — ti(t)) d- 6 (f). 


Hence, we find 

u(t, x — £(t)) — <5(t) < it(f, x; to, wo) < w(t, x — £(t) — h(t )) d- 6 (f), t > to, 

which then yields the result, since S(t ) —> 0, £(t) —> £(oo) and h(t ) —>• 0 exponentially as t —>• oo. 

We remark that the dependence of C on uo in the statement of the theorem is due to the 
dependence of Tq on uq. 

(ii) By Corollary 13.31 we see 

u(t, x — £“) — ^oe~ u< ' t ~ t ° s> < u(t, x; to, w to ) < u(t, x — £ + ) -f /aoe - ^^ - * 0 ^, i£l 

for all t > to and to £ M, where w = min{/^o,/9i} and ^ ± ^y 2 . Then, by the arguments as 

in (i), there exist to-independent constants C > 0 and w* > 0, and a family of shifts {£t 0 }t 0 £R C M 
satisfying sup to£R |£t 0 | < oo such that 

sup |u(t, x; to, Ut 0 ) - w(f,x-£ to )| < Ce - “* ( *- to ) 

irER 

for all t > to and to £ M. □ 


4. Exponential decaying estimates of space non-increasing transition fronts 

In this section, we prove exponential decaying estimates of space non-increasing transition fronts 
of (11.11) . Throughout this section, we assume (H1)-(H3) and assume that u(t,x) is a transition front 
of ( 11 . 11 ) with interface location functions X(t) and X\(t) and u x [t,x) < 0. 

The main results in this section are stated in the following theorem. 

Theorem 4.1. There exist > 0 and h± > 0 such that 

u(t,x) < e -c + (x-x(t)-h+) and j _ < e c-(x-x(t)+h~) 

for all (t,x) £ R x M. In particular, for any A £ (0,1), there exist h± > 0 such that 

W(t, X) < e - c + ( x - Xx { t )- h +) and j _ u ( t} < e c -{ x - X x ( t )+ h -) 

for all (t, x) £ 1 x 1 . 
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To prove Theorem 14.11 we first prove several lemmas. Let 02 £ (0,min{;|,0o, 1 — 0i}) be small 
and h > 0, and define itg : R —> [0,1] to be smooth and non-increasing functions satisfying 


Uq 0 ) 


1 - 02 , 

0 , 


x<-h, _ 

and u n [x 

x>0, 


1 , x < 0, 

02 , x > h. 


(4.1) 


Moreover, we can make uj decreasing on (—h, 0) and u 0 decreasing on (0, h). For t 0 £ R, we define 

u + (t,x;t 0 ) := u(t,x;to,Ug(- - X 1 ^g 2 (t 0 ))), 
u~(t,x;t 0 ) := u(t,x;t 0 > Uo(- - Xg 2 (t 0 ))) 


for t > to- 


Lemma 4.2. u ± (t, a;; to) satisfy the following properties: 

(i) u ± (t 1 x;to) are decreasing in x for any t > to; 

(ii) for any t > to, we have 

lim u + (t, x; to) > 1 — 02 , lim u + {t, x\ to) = 0 , 

x —>—oo x —»oo 

lim u~(t,x;to) = 1 and lim u~(t, x; to) < 02 - 

x — y —oo x—too 

Proof, (i) It follows from the fact that u± are non-increasing and the “Moreover” part in Proposition 
IA.ll iii '1 or Proposition I A. 3T ii4. 

(ii) By (i), the limits linr^-too u + (t, x; to) are well-defined. We show lim^^oo u + (t, x; to) = 0. Let 
4>b(x — Cjgt) be a traveling wave oi Ut = J * u — u + fg(u) such that tpg(-oo) = 1 and <pg(oo) = 0. 
By the definition of , we can find a shift X\ 1 such that 

<(■ - -g 3 (t 0 )) < ~ x i - cgto). 

It then follows from comparison principle that u + (t, -;to) < </>s(- — x\ — cgt) for any t > 0. From 
which, we conclude lim^^oo u + (t, x; to) = 0 . 

We show u + (t, x;to) >1 — 02 - Note that u + (t,x;io) satisfies 

ut(t,x;to)= / J(x - y)u + (t,y;t 0 )dy - u+(t,x;t 0 ) + /(£, w + (£, z; £ 0 )), t > t 0 , (4.2) 

JR 

and 

Unit, X] t 0 ) = / J(x-y)uf(t,y;t 0 )dy-uf(t,x;t 0 ) 

JR 

+ ft{t,u + (t,x-,to)) + f u (t,u + (t,x-,to))uf(t,x-,to), t > to- 

Pick an arbitrary sequence {x n } with x n —> — oo as n —> oo. We see that there is an M > 0 such 
that 

max{\u^(t,x n ;to)\,\uf(t,x n -to)\} < M, t > t 0 , n > 1. 

Since u + (t, x n ; to) £ [0, 1 ] for all t > to and n > 1, we conclude from the Arzela-Ascoli theorem that 
there exists a continuous function w : [to, oo) —> [ 0 , 1 ], differentiable on (to, oo) such that 

u + (t, x n ; to) —t w(t) locally uniformly in t £ [to, oo) as n —> oo, and 
uf (t, x n ] to) — >• wt(t) locally uniformly in t £ (to, oo) as n —> oo. 






20 


WENXIAN SHEN AND ZHONGWEI SHEN 


As a consequence, letting x —» —oo along the sequence { x n } in (14.21) . we find that w(t) is the unique 
solution of 

(m(t) = t>t 0 

|w(f 0 ) = 1 - 02 - 

Now, comparing /(i, it) with /b(m), we conclude from the comparison principle for ODEs that 
w(t) >1 — 02 for all t > t 0 . But the monotonicity of u + (t, x\to) in x from (i) yields 

lim u + (i,;r;to) = lim u + (t,x n ;t 0 ) = w(t) >1 — 02 , i > t 0 . 

x — y —oo n—> oo 

The limits linr^-oo u~(t, x; to) = 1 and lim^-nx, u~(t, x; to) < 02 follow from similar arguments, 
and therefore, we omit the proof. □ 

By Lemma fOl for any A G (0 2 ,1 — 02 ), the interface locations X±(t;t 0 ) G K such that 

u ± (,t,X^(t;t 0 )-t 0 ) = A 

are well-defined for all t > to. 

The first lemma gives the uniform boundedness of the gap between the interface locations of 
M ± (t,x;to) and u(t,x). 

Lemma 4.3. For any A G ( 02 ,1 — 02 ), there hold 

sup sup | X±(t; to) — A(t)| < oo. 
toGD& t>tn 

Proof. Let A G ( 02 ,1 — 0 2 ). By the definition of u^, we see that Uq(x — Xi_g 2 (to)) < u(to,x) for 
iGt. Comparison principle then yields u + (t,x;to) < u(t,x) for iGl and t > to- In particular, 
X^(t;to) < X\(t ) for all t > to - 
Moreover, we readily check that 

(x - Xg 2 (t 0 ) - h) + 0 2 > u(t 0 , x), 

which is equivalent to 

u(t 0 ,x + Xg 2 (t 0 ) + h- X 1 _e 2 (t 0 )) - 02 < Wo ( x ~ Xi-8 a (t 0 )) = u + (t 0 ,x;t 0 ). 

Setting L := sup togR \Xg 2 (to) + h — Xi_e 2 (to)| < oo, we see from the monotonicity of u(t,x) in x 
that 

u(t 0 , x - (-L)) - 0 2 < w + (to, x\ t 0 ). 

Since L and 02 are to-independent, we apply Theorem 13.II to conclude that 

AQ A 0 

u(t,x — (-L --)) — 0 2 < u(t,x — (-L --)) — 9 2 e~ uj( ' t ~ t °' > < u + (t, a:; to), iGl 

UJ UJ 

for all t > to and to G R. Setting x = — L — + X x+ g 2 (t), we find 

AO 

A <u + (t,-L -- + X x+ g 2 (t)- to), 

UJ 

which implies by monotonicity that 

AO 

Xt (t; t 0 ) > —L -- + X\+o 2 ( t ) for all t>t 0 - 

UJ 

Hence, we have shown that 

AO 

A'+(t ; t 0 ) ^ x a(*) and x t (*;*o) > -L -- + X x+ g 2 (t) 

UJ 
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for all t > to and to G R. Since sup tgR |XA(f) — X\+g 2 (t )| < oo, we arrive at 

sup sup | X+(t-t 0 ) - X x (t )| < oo, 

£q GlR t>to 

which is clearly equivalent to sup t()gR sup 4>to |X^“(t;to) — X(t)\ < oo. 

The another result sup togR sup t>to \X^(t;t 0 ) — X(t) \ < oo follows along the same line. □ 

Next, we prove the uniform exponential decaying estimates of u ± (t, x;to). 

Lemma 4.4. There exist > 0 and h ± > 0 such that 

u + (t,x;t 0 ) < e -c + (x-x(t)-h+) and u -(t^ x . t ^ > i _ e c~{x-x(t)+h-) 

for all x G R, t > to and to G R. 


Proof. We prove the first estimate; the second one can be proven in a similar way. Note first that 
f(t,u) < —/3qu for u G [O,0o]- Let h := sup t>to \Xg (t\to) — X(t)\ < oo by Lemma POl since 
do G ( 62 ,1 — 02 )• We consider 

N[u] = ut — [ J * u — w] + Pou. 

Since u + (t,X'to) < do for x > X^ o (t;to), we find 

N[u + ] = p 0 u + + f(t,u + ) < 0 for x>X£ o (t;t 0 ). 

In particular, 7V[it + ] < 0 for x > X(t) + h. 

Now, let c > 0. We see 


7V[ e -c(x-X(t)-?i)] 


cX(t) 


J(y)e cv dy+ l+po 


e -c(x-X(t)-h) 


Since X(t) > c m i n > 0 by (11.71) and f R J(y)e cv dy — > 1 as c —> 0, we can find some c* > 0 such that 
N[ e ~ c ^ x -x(.t )- h )] > 0. Thus, we have 

• N[u + (t, x; to)] < 0 < N[e~ c ‘^ x ~ x ^~ h ^] for x > X(t) + h and t > to, 

• u + (t,x;t 0 ) < 1 < e ~ c *( x - x (t)-h) for x < X(t) + h and t > t 0 , 

• u + (to,x;to) = Uq {x — Xi_g 2 (to)) < f or x gM.. 

We then conclude from Proposition I A. 11 if that u + (t,x;to) < e - c *( x ~ x (t)- h ) f or a ll x G R, t > to 
and to G R. This completes the proof. □ 


We also need the uniform-in-to exponential convergence of u ± (t, 2 ; to) to u(t,x). 


Lemma 4.5. There exist to-independent constants C > 0 and w* > 0, and two families of shifts 
{^Wr C R satisfying sup t()gR |^| < 00 such that 

sup |w ± (t, x; to) -u(t,x-£f 0 )| < C'e _w * (t_ ‘ o) 

for all t > to and t 0 G R. 


Proof. Let C2 = sup tgR \X$ 2 (t) — Xi_@ 2 (t)| < 00. Then, it is easy to see that for any t 0 G R 
u(t 0 , x + C 2 + h) — 62 < Uq {x — X 1 -e 2 (i 0 )) < w(to, x) + e 0 , iGR 
u(t 0l x)-€o< Uo (x - Xg 2 (to)) < u(t 0 , X - C 2 ~ h) + 9 2 , 


iGR 
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for arbitrary fixed eo £ (0,min{ do, 1 — #i}), that is, 

u(t 0 ,x + C 2 + h) — ho < u + (t 0 ,x-,t 0 ) < u(t 0 ,x) + Ho, if® 

u(t 0 , x) - ho < u~(t 0 , x\ t 0 ) < u(to, x — C 2 — h) + ho, x £ R, 

where ho = max{(? 2 ,eo}- Since C 2 , h and ho are independent of to £ R, we apply Theorem 13.11 to 
conclude the result. □ 

Finally, we prove Theorem 14.II 

Proof of Theorem E3 By Lemma 14.41 and Lemma 14.51 we have 

u(t, x - &+) < «+(t, x; t 0 ) + Ce~ u3 *^ t ~ t °^ < e -c + (*-x(.t)-h+) + Ce - u .(t-to) 

for all x £ R and t > t 0 . Since sup t eR |£^| < oo, there exists £ R such that as 

to —> — oo along some subsequence. Thus, for any (t, x) £ R x R, letting t 0 —>• —oo along this 
subsequence, we find u(t,x — £ + ) < e~ c The lower bound for u(t,x) follows similarly. 

The “in particular” part then is a simple consequence of the fact that sup teR \X\(t) — X(t)| < oo 
for any A G (0,1). □ 


5. Uniqueness and monotonicity of transition fronts 

In this section, we study the uniqueness and monotonicity of transition fronts of m under 
the assumptions Hypothesis (H1)-(H3) and the assumption that ( 11 . 11 ) has a space non-increasing 
transition front u(t,x). 

Let v(t,x) be an arbitrary transition front (not necessarily non-increasing in space), and u(t,x) 
be an arbitrary space non-increasing transition front of (D). Let Y(t), Y±(t) be the interface 
location functions of v(t,x), and X(t), X\(t) = X±(t) be the interface location functions of u(t,x). 
By Proposition 11.21 we may assume that both X (t) and Y(t) are continuously differentiable and 
satisfy (Ell- By Corollary 12.31 X\(t) is continuously differentiable. But, Y±(t) may have a jump. 
We prove 

Theorem 5.1. There exists some (el such that v(t,x) = u(t,x + £) for all (t,x) elxl. In 
particular, v(t,x) is non-increasing in x. 

To show Theorem 15.11 we first prove the following lemma. 

Lemma 5.2. There holds sup teR |X(i) — Y(t)\ < oo. 

Proof. Since sup tgR |Xi(f) — X(t)\ < oo, it suffices to show: (i) sup t>0 |F(<) — _XT(i)| < oo; (ii) 

sup t <o \ Y (t) -^|(*)l < °°- 

(i) Let h G (O,min{j,0O) 1 — #i}) be small. We first see that 

ti(0,®-y 1 - #1 (0)+X„(0))-/ i <t;(0,a:)<u(0,a:-y+(0)+Jf 1 _ #1 (0)) + /i, iel (5.1) 

In fact, if x > Yff ( 0), then by the monotonicity of u(t,x) in x, we have 

«(0, x - 5^(0) + X M (0)) - h < «(0, X M (0)) -h = 0 < x(0, x). 

If x < Y 1 T Al (0), then 

v(0,x) > 1 - h > u(0,x - YjU^(O) + X M (0)) - h- 
This proves the first inequality. The second one is checked similarly. 
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Setting Co = Vi_^(0) — X M (0) and Co~ = Y)+(0) — Xl_ m ( 0) in (15.111 . and then, applying Corollary 
15.31 to (15.111 , we find 

u(t : x — C _ ) — /x < v(t, x) < u(t, x — C + ) + /x, (5-2) 

for all t > 0, where ^ ^ ± It then follows from the first inequality in (15.211 and the 

monotonicity of u(t, x) in x that 

1 — /lx = u(t, Xi (i)) — /x < u(t , x — £“) — /x < v(t, x) for all x < C _ + Xi ( t ), 

2 2 2 

which implies that C“ + Xi (t) < Y±_ (t) for t> 0. Similarly, the second inequality in (15.21) and the 

2 2 A 4 

monotonicity of u(t, x) in x implies that 

v(t, x) < u(t, x — C + ) + /lx < u[t , Xi (i)) + /lx = ^ + /lx for all x > C + + Xi ( t ), 

2 2i 2 

which leads to Yt {t) < C+TA'i (t) for t > 0. Since sup tgR | Y±_ (i) — Y(t)\ < oo and sup tgR |F(t) — 
2 'I 1 2 2 A 4 

n + +u (*)i < oo by Lemma [?~?1 we conclude that sup t>0 |AT (t) — y(i)| < oo. 

2 i M — 2 

(ii) Suppose on the contrary that sup t<0 | Y(t) — Xi(t)| = oo. Since both Y(t) and Xi (t) are 
continuous, there exists a sequence t n —» —oo as n —> oo such that either Y(t n ) — Xi (t n ) -I oo or 
y(t„) — Xi(t n ) —> —oo as n —> oo. 

Suppose first that Y(t n ) — Xi (t n ) -> oo as n -> oo. Since sup t6R |y(f) — Y]“(t)| < oo, we in 

2 2 

particular have LT (i„) — Xi(t n ) —> oo as n —> oo. Then, for any n > 0 and Co € R, we can find 
2 2 

an N = -ZV(/x, Co) > 0 such that ijv < 0 and u(tN,x — Co) — /lx < v(tN,x) for i£l. We then apply 
Corollary 13.31 to conclude that 

An 

u(t,x — Co H- ) ~ ^ < v(t,x), l£l, f > fjv- 

OJ 

Then, setting t = 0 in the above estimate, we find from the monotonicity of u(t, x) in x that 
H = u(0,Xi (0)) - n < u( 0,x - Co + —) — M < u(0,x), Va; < Co - — + -XT (0), 

which implies that Co — + -XT (0) < LT_ (0). Letting Co —>• oo, we arrive at a contradiction. 

Now, suppose Y(t n ) — Xi(t n ) —> — oo as n —> oo, which implies — Xi(t n ) —> —oo as 

2 2 2 
n —> oo. Then, for any /x > 0 and Co £ R, we can find some N = N([i, Co) > 0 such that tjv < 0 and 

v(tN, x) < u(tjv, x — Co) + /x for x £ R. Applying Corollary 13.31 we find 

All 

v(t, x) < u(t, x — Co -) + t >t]y. 

u> 

Setting t = 0 in the above estimate, we find 

n(0,x) < u(0,x — Co -—) + /x < tx(0, Ii (0)) + /x = - + /x, Va; > Co H-— + Xi (0), 

W 2 2 U! 2 

which implies that y£^^(0) < Co + 4r + (0). This leads to a contradiction if we let Co —> — oo. 

Hence, we have sup t<0 |y(i) — Xi (t)| < oo. This completes the proof. □ 


Now, we prove Theorem 15. II 
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Proof of Theorem, I5.il Let O 3 £ (O,min{0o, 1 — 0i}). For to £ R, we define 

u~(t 0 ,x) = u(t 0 ,x- Y~_ g;j (t 0 ) + Xg 3 (t 0 )) - d 3 , 
u + (t 0 ,x) = u(t 0 ,x - y^(to) + Xi-g 3 (to)) + 0 3 . 

We claim 

u~(to,x) < v(to,x) < u + (to,x), x £ R. 

In fact, if x > Y-fLg.j(to), then by monotonicity, 

u~(t 0 ,x) < u(to, Xg 3 (to)) - 63 = 0 < v(t 0 ,x). 

If x < Yf_ 0 (to), then by the definition of Yffg 3 (to), 

v(to,x) > 1 - 03 > U~(t 0 ,x). 

Hence, u~(to,x) < v(to,x). The inequality v(tg,x) < u + (to,x) is checked similarly. 

By Lemma 12.21 and Lemma 15.21 we have 

L := max sup \Y~_ e (t 0 ) - Xg 3 (t 0 )\, sup \Y^(t 0 ) - X 1 _ 63 (t 0 )\ [• < 00 . 

^ to GK to GK J 

Then, shifting u~(to : x) to the left and u + (to,x) to the right, we conclude from the monotonicity of 
u(t, x) in x that for all to £ R, there holds 

u(to, x + L) — 63 < u~(to, x) < v(to, x) < u + (to, x) < u(to , x — L) + 0 3 . (5.3) 

That is, we are in the position to apply Theorem l3.ll So, we apply Theorem l3.1l to (15.31) to conclude 
that there exist to-independent constants C > 0 and w* > 0, and a family of shifts {£t 0 }t 0 eR C R 
satisfying sup togR |£t 0 | < 00 such that 

sup |v(t, x) — u(t , x — £ to )| < (7e _aj *( t_ * 0 ) 

for all t > t 0 - We now pass to the limit t 0 —i► —00 along some subsequence to conclude f to £ f° r 
some £ £ R, and then conclude that v(t,x) = u(t,x — £) for all (t,x) £ R x R. This completes the 
proof. □ 


6. Periodicity and asymptotic speeds of transition fronts 

In this section, we study the periodicity of transition fronts of m under the additional time 
periodic assumption on /, that is, there exists T > 0 such that f(t + T,u) = f(t, u ) for all t £ R 
and u £ [0,1]. We also study asymptotic speeds of transition fronts of (11.11) under the additional 
uniquely ergodic assumption on /, that is, the dynamical system {<Tt}tgR defined by 

a t :H(f)^H(f), /^/(•+*,•) (6.1) 

is compact (i.e., H(f) is compact and metrizable) and uniquely ergodic, that is, {<7t}tgR admits one 
and only one invariant measure, where 

H(f) = {f(- + t,-):t£ R} 

with the closure taken under the open-compact topology (which is equivalent to locally uniform 
convergence in our case). Throughout this section, we assume (H1)-(H3). 

Let u(t,x ) be a space non-increasing transition front of (11.11) with interface X{t). The main 
results of this section are stated in the following theorem. 
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Theorem 6.1. (i) Assume that f{t,u) is T-periodic in t. Then, u(t,x) is a T-periodic traveling 

wave, that is, there are a constant c > 0 and a function if : R x R —> (0,1) satisfying 

! ip t = J*if-if + cif x + f(t, if), 

lim :r _>._ 00 if(f, x) = 1, lim^^oo if(t, x) = 0 uniformly int £ R, (6-2) 

if(t, •) = if(t + T, •) for all t £ R 

such that u(t, x) = if(t, x — ct) for all ( t , x) £ R x I. 

(ii) Assume that f(t,u) is uniquely ergodic in t, and, in addition, twice continuously differen¬ 
tiable with 

sup (\ftt{t,u)\ + \f tu (t,u)\ + \fuu(t,u)\) < oo. 

(t,u)€Rx[-l,2] 

Then, the asymptotic speeds lim^-too exist. 

To prove Theorem 16.11 let us first do some preparation. Note that if / is periodic in t, then it 
is uniquely ergodic. In the rest of this section, we assume that f(t,u) satisfies the assumptions in 
Theorem 16.114 11. 

Observe that any g £ H(f ) satisfies (H2)-(H3) due to the regularity assumptions on f(t,u). 
For any g £ H{f), there is t n —> oo such that f(t + t n ,u) —» g(t,u) as n —» oo in open-compact 
topology. By the regularity, without loss of generality, we may assume that there is u 9 {t,x) such 
that u(t + t n ,x + X(t n )) —>• u 9 {t,x) as n —> oo in open compact topology. It is not difficult to see 
that u 9 ft, x) is a space non-increasing transition front of 

Ut = J * u — u + g{t, u). (6-3) 

We may assume that u 9 [t,x) is the unique transition front of (16.31) satisfying the normalization 

Xf(0) = 0, where Xf (t) is the interface location function of u 9 {t,x) at i, i.e., u 9 (t,X^(t)) = \ for 
2 2 A 2 A 
all t £ R. 

Let 

if 9 {t, x) = u 9 [t,x + X\ (i)), V(l,i)eIxK (6.4) 

2 

be the profile function of u 9 (t, x). Then, if 9 (t, 0) = \ for all t £ R. 

We prove 

Lemma 6.2. There hold the following statements: 

(i) for any g £ H(f), there holds 

if 9 (t + r, x) = if 9 ' T (t, x), V(t, T,i)elxlxl, 

where g ■ t = g(- + t, ■); 

(ii) there holds sup (tiT)eRxR \x{" r (t)| < oo; 

(iii) the limits 

lim if 9 {t,x) = 1 and lim if 9 (t, x) = 0 

X—Y — OO X—tOO 

are uniformly int£WL and g £ H(f); 

(iv) there holds sup g ^H(f) su PteR l^i Wl < 00 ■ 

We remark that (ii) is a special case of (iv), but it plays an important role in proving the lemma, 
so we state it explicitly. 
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Proof of Lemma 1 6. 21 For simplicity, we write X 9 (t) = X?(£). Therefore, u 9 (t, X 9 (£)) = ^ and 

X 9 (0) = 0. 

(i) Fix any r € R. We see that both 

u±(t, x) = , 0 s ' r (t, x — X 9 ' T [t)) and u 2 (t,x) = ip 9 (t + t,x — X 9 (t + t)) 

are transition fronts of Ut = J * u — u + g(t + t,x). Then, by uniqueness, i.e., Theorem 15. 11 there 
exists such that u\{t, x) = u 2 (t, x + £). Moreover, since 

ui(£,X 9 ' T (£)) = i/j 9 ' T {t, 0) = i and u 2 (t, X 9 {t + r)) = + r, 0) = i, 

we find 

ui(t, X 9 (£ + t) - £) = u 2 (t, X 9 (t + r)) = i, 
and hence, X 9 ' T (t) = X 9 (t + r) — £ by monotonicity. It then follows that 

‘ip 9 ' T (t,x) = ui(t,x + X 9 ' T (t)) = u 2 (t,x + X 9 ' T (t) + £) 

= U 2 (t, a; + X 9 (£ + r)) = ip 9 {t + t, a;). 

(ii) By (i), we in particular have 

x) = {t + r, x), V(i, r, x) eRxRxR. (6-5) 

Since the limits ipf(t, x) —> 1 as x —> — oo and x) —> 0 as x —> oo are uniform in t £ R, we find 
lim ipf' T (t 1 x) = 1 and lim ipf' T (t,x) = 0 uniformly in (t, t)gRxR. (6-6) 

x — y —oo x—too 

From (16.51) . we also have 

u^' T (t, x + X^' T {t)) = v,f(t + r, x + Xf(t + r)), V(t,r,i) Glxlxi (6.7) 

Setting x = 0 and differentiating the resulting equality with respect to t, we find 

Xf-rn\ = Tt\- uf ( t + T ’ Xf ( t + T ))\ 

ul' T (t,Xf' T (t )) 

= |[tt / (< + T,I / (t + r))] -u[ T (t,X f - T (t)) 

ul(t + T, Xf(t + t)) 

where we used uf' T (t,Xf' T (t)) = ul(t + r,Xf(t + r)), which comes from (16.71) . We see that both 
(t + r,Xf(t + t))] and u{' T (t, X^' T (t)) are bounded uniformly in (t, r) elxl. Moreover, 
U l{t + T, X^ft + r)) is bounded uniformly in (t, r) eRxl due to the uniform steepness, i.e., Lemma 
I2T1 It then follows that sup (tjT ) gRxR \Xf' T (t)\ < oo. 

(iii) For any g £ H(f), there is a sequence {t n } such that g n := / ■ t n —> g in H(f). Trivially, 
sup ra sup (tjX)gRxR \u 9 t "‘ (t, x) < oo, and by (i), sup n sup (M)gRxR |u 9 " (t, x)| < oo. It then follows from 
(ii) that 

sup sup \ipf rl (t,x)\ = sup sup |uf n (t, x + X 9n (t)) + X 9n {t)u 9 x n (t, x + X 9n {t))\ 

n (t,j)£Rxl n (t,i)elxl 

< sup sup |uf n (t, x + X 9n (£))| 
n (t,i)elxl 

+ sup |X^' T (£)| sup sup |u 9 "(£, x + X 9n (t))\ < oo, 
(t,r)£Rxl n (t,i)£Rxl 

sup sup \i/j 9n (t,x)\ = sup sup |u 9 "(£, x + X 9n (£))| < oo. 

n (t,j)£Rxt n (t,i)6lxl 
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In particular, by Arzela-Ascoli theorem, there exists a continuous function i/>(-, •; g) : R x R — > [0,1] 
such that liin ra _).oo ip 9n (t,x) = ip(t,x m ,g) locally uniformly in ( t,x ) glxl. We then conclude from 
(16.61) that 

lim if(t,x;g) = 1 and lim ip(t,X',g) = 0 uniformly in t £ R and g £ H(f). (6-8) 

x—> — oo x—too 

It remains to show ip 9 (t,x) = ip(t,X',g). Fix any g £ H(f). By (ii), there exists a continuous 
function X(-; g) : R —>• R such that, up to a subsequence, 

X 9 "(t) -X X(t\g) and if 9n (t,x - X 9n (t)) if(t,x - X(t;g);g) (6.9) 


as n —> oo locally uniformly in (t, x) £ R x R. Since, trivially, 

d 


sup sup 

n (f,a;)Gtx R 


sup sup 

n (t,x)eRx R 


dt 

dt 2 


if 9n ( t,x — x 9n (t)) 

if 9n (t,x- X 9 "(t)) 


= sup sup 

n (t,rc)GRxR 


= sup sup 

n (t,i)eRxR 


\v? t n (t,x)\ < OO, 

\u 9 u(t,x)\ < oo, 


we will also have 

^ip 9n (t,x - X 9n (t)) -s- ^ip(t,x - X(t;g)-,g) (6.10) 

as n —> oo locally uniformly in (t, x) £ R x R. Thus, if(t, x — X(t] g ); g) is a global-in-time solution 
of (16.61) . and hence, it is a transition front due to (16.81) . Uniqueness of transition fronts and the 
normalization X 9n (0) = 0 then imply that if 9 (t,x) = if(t,x;g). 

(iv) It is a simple consequence of (ii) and the proof of (iii). □ 


Now, we prove Theorem 16.II 


Proof of Theorem Ad.il (i) By periodicity, u(t + T,x) is also a transition front of (11.11) . Theorem 15.II 
then yields the existence of some £ £ R such that 

u(t + T, x) = u(t, x + £), V(l,i)eRxR. (6.11) 

Fix some 0* £ (0,1). Setting t = 0 and x = Xg* ( T ) in (16.111) . we find 

0* = u{T, X g , (T)) = u(0, X g . (T) + £), 

which leads to Xg* (0) = Xg* (T) + £ by monotonicity. It then follows from (16.111) that 

u(t + T,x) = u(t , x + Xg* (0) — Xg* (T)), V(f, x) £ 1 x R. 

Setting c = — {1 ) T Xl '’' — and if(t, x) = u(t,x + ct) for (t, x) £ R x R, we readily verify that (c, if) 
satisfies & The fact that c > 0 follows from the fact u(t, x) moves to the right. 

(ii) Write X 9 (t) = X{(t). Since sup (6R | Xf(t) — X(i)| < oo, it suffices to show the existence of 

the limits lim t _ ! .-|- 00 x ^ . Since 

lim lim = ,. m WY 

t—OO t t—>±OO t t—>±oo t J Q 

we only need to show the dynamical system (i.e., the shift operators) generated by X^(t) is compact 
and uniquely ergodic. 
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To this end, we first derive a formula for X 9 (t). We claim 

*»(() = Vf e K. (6.12) 

In fact, differentiating u 9 (t,X 9 (t)) = |, we find 

• u 9 jt,X 9 (t)) [J * u 9 (t, -)\{XHt)) - u 9 (t, X 9 (t)) + /(f, u 9 (t, X°m 

' {> u 9 (t,X 9 (t)) u a x {t,X 9 {t)) 

The equality (16.121) then follows from u 9 (t,x + X 9 (t)) = ip 9 (t,x) and u 9 {t,X 9 (t)) = Note that 
due to (i) in Lemma T6. 2 1 and (16.121) . there holds X 9 ' T (t) = X 9 (t + r) for all t, r £ R. 

Next, we define 

• the phase space H = {(ip 9 , X 9 )\g £ H(f)}\ 

• the shift operators {<f}t e R, i.e., the dynamical system on H , 

a t :H^H, (r,X 9 )^(r' t ,X 9 ' t ) = (r(- + t,-),X 9 (. + t)); 


• an operator Q : H(f) —> H, g i-X (ip 9 ,X 9 ). 

Clearly, 

at o = S2 o at, Vf £ R, (6.13) 

where {<7 t } te R is given in (16.11) . 

We show that Q is a homeomorphism. We first claim that Q. is continuous. By ( 16 . 121 ) . the 
continuity of f 1 is the case if we can show that if g n —> g * in H(f) as n — > oo, then 


ip 9n (f, x) —x 0 9 * (t, x) locally uniform in t £ R and uniformly in x £ R (6.14) 

as n —> oo. To see this, let g n —x g * in H(f) as n —x oo, then as in the proof of (iii) in Lemma | 6 .21 
there exist continuous functions X* : R —X R and 0* : 1 x R —X [0,1] such that 

X 9n (t) —X X*(t) and ip 9n (t,x — X 9n (t)) —X ip*(t,x — X*(t)) locally uniformly in (t,x) SlxM 

as n —x oo. As in (16.101) . we also have 

- 7 - ip 9n (t,x — X 9n (t)) —X ^-ip*(t,x — X*(t)) locally uniformly in (t, x) elxM 
at at 

as n —x 00 . In particular, ip*(t, x — X*(t)) is global-in-time solution of (16.31) with g replaced by g*. 
Moreover, (iii) in Lemma 16.21 forces ip*(t,x — X*(t)) to be a transition front, and hence, ip*(t,x) = 
ip 9 * (t, x) by uniqueness and normalization. It then follows that ip 9 ™ (t, x) —X ip 9 * ( t , x) locally uniform 
in (t,x) ElxtasnAoo. But, this actually leads to (16.141) due to the uniform limits as x —X ±00 
as in (iii) in Lemma 16.21 Hence, f1 is continuous. 

Clearly, from the continuity of H and the compactness of H(f), H = f l(H(f)) is compact, and 
hence, H = {(ipf'*, £ R}. Thus, if we can show that H is one-to-one, then its inverse H _1 

exists and must be continuous, and hence, H is a homeomorphism. 

We show Q is one-to-one. For contradiction, suppose there are < 71,52 G H(f) with g 1 7 ^ g2 , 
but £lgi = flg 2 , i.e., (ip 9l ,X 91 ) = (ip 92 ,X® 2 ). In particular, X 91 = X 92 , which together with the 
normalization A 9 l (0) = 0 = A 92 (0) gives X 91 = X 92 . It then follows from (16.41) that 


it 91 (t,x) = u 92 (t, x), (t , x) £ R x R, 
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which then leads to gi(t,u(t,x)) = g2(t,u(t,x)), where u = u 91 = u 92 . Since u(t,x ) is continuous 
and connects 0 and 1 for any f 6 R, we conclude that <?i = g 2 on R x [0,1]. It is a contradiction. 
Hence, f2 is one-to-one, and therefore, H is a homeomorphism. 

Since H is a homeomorphism, invariant measures on H(f) and H are related by f 1. We then 
conclude from (16.1111) and the fact {er t } tg R is compact and uniquely ergodic that {<7t}teR is compact 
and uniquely ergodic. Now, define $ : H —>• R by setting ^(if) 9 ,X 9 ) = X 9 (0). Clearly, <£> is 
continuous. We then conclude from the unique ergodicity of {cb} tg R that there exist constants 
c ± = c ± ($) £ K. such that 

1 /'* 

lim - / $((j s ('i/; s ,X s ))(is = c ± 

«->±oo t J o 

uniformly in g £ H(f). In particular, lim^ioo j- f* $>(a s (iftf, X-f))ds = . But, 

^{a s {^,Xf)) = $((^(- + s, + a))) = X f (s). 

This completes the proof. □ 

7. Existence of space non-increasing transition fronts 

In this section, we investigate the existence of space non-increasing transition fronts of the equation 
(ED. Throughout this section, we assume (H1)-(H4). 

The main result of this section is stated in the following theorem. 

Theorem 7.1. Equation (11.11) admits a transition front u(t,x) that is non-increasing in space. 

Proof. We use the perturbation method. Fix 0 < eo <C 1. For e £ (0,eo], we consider the following 
perturbation of ED 


ut = J * u — u + eu xx + f(t, u), (t,i)£Rx R. (7.1) 

The advantage of considering the above perturbed equation is that we are able to apply the methods 
in E (also see [151 UfTl IH] 1 to construct transition fronts of (17.11) . Here, we are not going to repeat 
the construction since it is lengthy. We just point out that the construction highly relies on the 
instability of the stationary solution uo(t) of the ODE (11.41) . Thus, for each e £ (0,eo]> equation 
ED admits space decreasing transition fronts. Moreover, direct adaption of the proof of Theorem 
15.11 yields the uniqueness, up to space shifts, of transition fronts of ED- For each e £ (0,eo]> let 
u e (t,x) be the unique transition front of (17.11) satisfying the normalization rt e (0, 0) = i. Also, from 
the construction, there also holds the uniform bounded interface width for {it e (t,x)}, that is, 

V 0 < Ai < A 2 < 1, sup supdiam{:c £ M|Ai < u e (t,x) < A 2 } < 00 . (7.2) 

cG(0,eo] 

Note that if the sequence (t, cc)} converges to some solution of (11.11) . then this solution must be 
a transition front of ED due to ED- However, the convergence of {u e (t,x)} to some solution of 
ED is far from being clear, since we have no idea whether u%{t 1 x) and u f xx (t : x) are locally bounded 
in ( t,x ) and uniformly in e, that means, we can not simply pass to the limit e —> 0 in (17.IF To 
circumvent this difficulty, we first consider solutions in some weak sense. 
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We see that for any <f) £ C“(R), there holds 


u‘ L {t,x)(j){x)dx = / t/(0, x)4>(x)dx + / / [J * u e — u € ](j){x)dxdt 

: Jr Jo Jr 

+ e / / u e (f, x)(f> xx {x)dxdt + / / f(t,u e {t,x))(j){x)dxdt. 

Jo Jr Jo Jr 


(7.3) 


To pass to the limit e —>• 0 in (17.31) . we derive some convergence properties of u e (t,x). 

Since {w e (f,a;)} is pre-compact in L) oc (R x R) (see Lemma [72] below), we can use the diagonal 
argument to find some u £ Lj oc (R x R) and a sequence {e„} such that 


u tn ( t , a:) —» u(f , x) for a.e. (t, x) £ R x R as n —> oo. 


(7.4) 


Let n C R x R be a measurable set with Lebesgue measure zero such that 


u tn (t,x) u(t,x) pointwise in (t,x) £ (R x R)\fi as n —> oo. 

Since the functions {u e ”(0,x)} are decreasing in x and uniformly bounded, Hclly’s selection theorem 
implies that there exists a subsequence, still denoted by {e n }, and a non-increasing function u(0, •) 
such that 

u tn (0, x) —> v(0, x) pointwise in x £ R as n —> oo. (7.5) 

Fix t £ R\{0}. Again, by Hclly’s selection theorem, there exists a subsequence {e^ fc } C {e n } and a 
non-increasing function v(t, ■) such that 

t 

u (t, x) — >• v(t, x) pointwise in x £ R as k —>• oo. 


Clearly, u(t,x) = v(t,x) for (t,x) £ (R x R)\H. We then redefine u(t,x) on H to be v(t,x). Hence, 
(17.41) is still true, and, moreover, for any f £ R, we have 

u (t, x) — > u(t, x) pointwise in x £ R as k —> oo, (7-6) 

where {e° fc } = {e™}. Also, u(t,x ) is non-increasing in x. 

Now, for fixed t £ R, using (tup , m and ED , we pass to the limit e —> 0 along the subsequence 
{ e n k } as k — > oo in (17731) to obtain 


/ u(t,x)(j>(x)dx 

Jr 

= / u(0, x)(f>{x)dx + / / [J * u — u](j)(x)dxdt + / / f(t,u(t,x))(f>(x)dxdt 

Jr Jo Jr Jo Jr 

= / |u(0,ir)-|- / [ J * u — it]dr + / f(r,u(r, x))dt^(/)(x)dx 

J M J 0 t/ 0 

for any <fi £ Cq°(R). In particular, for any fixed t £ R, 

u(t,x) = u(0,x) + / [J * u — u + f(r, u(t, x))]dr for a.e. x £ R. (7-7) 

Jo 

For t £ R, let fit C R be the measurable set with measure zero such that (1771) is true for any 
x £ R\S4 t . Note that R\f2 t is dense in R, otherwise fit contains an open interval, which is impossible. 
For (t, x) £ R x R, define 

u*(t,x)= lim u(t,y). 

yeR\Q t ,ylx 
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This is well-defined, since u(t,x) is non-increasing in x and R\f2t is dense in R. By (17.711 . we have 
that for any t £ R, 

u*(t,x) = u*( 0,x) + f [J * u* — u* + f(r, u*(r, x))\dr for all x £ R. 

J o 

This implies that u*(t, x) is continuous in t uniformly with respect to x £ R and then 

u* = J * u* - u* + f{t , u*) for all (t, x) £ R x R. 

We then conclude from (17.21) that u*(t,x) is a transition front. Moreover, u*(t,x) is non-increasing 
in x, since u(t,x) is non-increasing in x. □ 

To finish the proof of Theorem 1 7.1 1 under assumption (H5), we prove the following lemma. 

Lemma 7.2. {u £ (-, -)}e€(o,e 0 ] pre-compact in Lj oc ( R x R). 

Proof. We first show that 

{u £ (f, Oheto.eoLteR is pre-compact in L\ oc { R). (7.8) 

Since u £ (t, •) is a decreasing function for any e £ (0, eo] and tgR and {u £ (t, Oleefo.eol.teR is uniformly 
bounded, Helly’s selection theorem yields that for any sequence (e n ,t n ) there exists a subsequence 
(cnfejiru,) C ( e n ,t n ) and a non-increasing function v : R —>• [0,1] such that 

u tnk (t nk , x) —> v(x) pointwise in x £ R as k —> oo, 

which, together with dominated convergence theorem and boundedness, imply that 

u trLk ( t nk , •) —>• v in L\ oc { R) as k —> oo. 

This verifies (17.81) . 

Fix r > 0 and let B r = (—r, r) x (—r, r). It remains to show that {u £ (f, cc)} ee ( 0 , eo ] restricted to 
B r is pre-compact in L 1 (B r ). Due to the uniform boundedness of {u e (t, a;)} eg (o,£ 0 ]i f° r an y e > 0 we 
can find some O C B r such that 

/ u e (t,x)dtdx < |S r \0| < e. 

JB r \0 

Thus, applying pQ Theorem 2.21], it suffices to show that for any e > 0 there exists 6 > 0 such that 

/ \u e (t + At, x + Ax) — u e (t, x)\dtdx < e (7.9) 

Jb t 

for all e G (0, eo] an d (At, Ax) G R x R with |Af| + |Ax| < S. 

To this end, let e > 0. For (At, Ax) G R x R, we have 


/ |u e (t + At, x + Ax) — zi e (t, x)\dtdx 

J B„ 


< 


/ |zi e (t + At, x + Ax) — u e (t + At, x)\dtdx + / |rt £ (t + At, x) — w e (t, x)\dtdx. 
J B r J B r 


(7.10) 


We use (17.81) to control the first integral on the right hand side of (17.101) . In fact, by (17.81) and pQ 
Theorem 2.32], for any e > 0 there exist > 0 such that 


£ (t, x + Ax) — u £ (t, x)|g?x < 


4r 
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for all e £ (0, eo], t £ K and Ax £ R with |Ax| < <5i. It then follows that 



| u e {t + At, x + Ax) 


u e (t + At, x)\dtdx < ^ 


for all e £ (0, e 0 ] and (At, Ax) £lxl with |Ax| < <5i- 

For the second integral on the right hand side of (17.101) . we argue as in the proof of 33] Lemma 
2.5] to find some continuous and nondecreasing function a r (-) satisfying oy(0) = 0 such that 



| u e (t + At, x) 


u{t,x)\dx < a r (|Ai|) 


for all e £ (0, eo] and t £ R. It then follows that there exists 62 > 0 such that 



| u e (t + At, x) 


u e (t, x)\dtdx < 


e 

2 


for all e £ (0, eo] and At £ R with | At| < 62 - 

Now, setting <5 = min{(5i,<5 2 }, we find (17.91) and then completes the proof. 


□ 


Remark 7.3. We remark that transition fronts of (O) can he constructed without the unbalanced 
condition m- Hence, Theorem \ 7.1\ is true if we drop m- But, in the absence of m, the 
constructed transition front may not be continuous in space. We refer the reader to [8] for a sufficient 
and necessary condition for the existence of discontinuous traveling waves of Ut = J *u — u + fs{u). 
It would be interest and important to study the stability and uniqueness of transition fronts in the 
absence of dm. 


We end this paper by mentioning a variation on (H4). The point is that we allow the failure of 
(USD- But, then, we need an additional assumption, that is, uo(t) = 0* for some 0* G [0,0]. We 
assume 

(H5) There exists 0* £ [0, 6 ] such that 

/(t, u) < 0, u £ (0,0») and /(t, u) > 0, u £ (0*, 1) 


for all t £ R. 

Using different techniques, we are able to prove Theorem 17.11 under assumptions (H1)-(H3) and 
(H5). But, in this case, we can not drop the unbalanced condition (11.21) . 

Proof of Theorem under assumptions (H1)-(H3) and (H5). The proof can be done along the 
same line as that in the ignition case (see [49] ), so we here only outline the strategies within the 
following four steps. 

Step 1. Approximating front-like solutions. Let 0n is the decreasing profile of bistable trav¬ 
eling waves oi Ut = J * u — u + fB^u) with the normalization 4>b(0) = 0*. For s < 0 and y £ R, 
denote by u(t,x; s,4>b(' — y)) the classical solution of (11.11) with initial data u(s,x; s,4>b{- — y)) = 
4>b(x — y)- Then, it can be shown that for any s < 0, there exists a unique y s £ R such that 
u(0, 0; s, (/)b{- — ys)) = d. Moreover, y s -0 —oo as s —> —oo. 

Set u{t,x-,s) := u(t,x; s,4>b{- — Vs))- We see that u{t,x\s) is decreasing in x. The functions 
{u(t, x; s)} s <o,t>s are the approximating front-like solutions. 
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Step 2. Bounded interface width-I.. For s < 0, t > s and A £ (0,1), let X\(t;s) be such that 
u(t : X\(t] s); s) = A. It is well-defined and continuous in t. 

Then, there exists A* £ (#», 1) such that for any Ai, A 2 £ (0, A*], there holds 

sup l-X/Xj (t; s) — X\ 2 (t; s)| < 00 . 

s<0,t>s 

This is the difficult part in constructing transition fronts. Its proof is based on the rightward 
propagation estimate of X\(t\ s ) and an idea of Zlatos (see [SO] Lemma 2.5]). It is important that 
A* > 0*, and it is the reason why we need f(t, 9 *) = 0 for all t £ R. 

Step 3. Bounded interface width-II.. We extend the result in Step 2 to 

VAi,A 2 £ (0,1), sup l-XAi (i; s) — X\ 2 (t; s )| < 00 . 

s<0,t>s 

It is done through the following two steps: 

(i) there are c m i n > 0 , c max > 0 , c max > 0 and d max > 0 such that for any s < 0 , there exists a 
continuously differentiable function A(t;s) : [s, 00 ) —x R satisfying 

Cmin x (t; s) A c max and ^ c max for t s 

such that 0 < X(t\ s) — X\*(t; s) < d max for t > s; moreover, {X(-, s)} s <o and {X(-, s)} s <o 
are uniformly bounded and uniformly Lipschitz continuous; 

(ii) using (i), we can find c± > 0 and h±> 0 such that 

u(t,x-,s)>l-e c -^- x ^ s)+h -) an d u (t, ac; s) < e -«M-(*-Jf(t;»)-h+) 


for all x £ M, s < 0 and t > s. 


Clearly, the bounded interface width follows. 

Step 4. Construction of transition fronts. The approximating solutions {u(t, x; s)} s <o,t> s 
converge to some transition front (as in Theorem m as s —> — 00 along some subsequence due to 
the properties in Step 3 and the following: there holds 


sup sup 

s<0,t>s x^y 


u(t, y, s) -u(t,x;s) 
y-x 


< 00 , 


whose proof relies on the observation that for fixed x, the term u ( t ’ x+r i’ s ') u(t,x,s) £ or q ^ |^| < r] 0 <^1 
can only grow for a period of time that is independent of x. □ 


Appendix A. Comparison principles 
We state comparison principles used in the previous sections. 

Proposition A.l. Let K :KxI-> [0,oo) be continuous and satisfy sup,j, gR / R K(x, y)dy < 00 . 
Let a:Mxl->l be continuous and uniformly bounded. 

(i) Suppose that X : [0, 00 ) -A R is continuous and that u : [0, 00 ) x R — > R satisfies the following: 
u , Ut : [0, 00 ) x R —> R are continuous, the limit lim^-^oo u(t, x) = 0 is locally uniformly in t, 
and 

{ u t (t,x)> f R K(x, y)u(t, y)dy + aft, x)u(t, x), x > X(t), t > 0, 
u(t,x) >0, x < X(t), t > 0, 
u(0,x) = uq(x) >0, x £ R. 

Then u(t , x) > 0 for (f, x) £ (0, 00 ) x R. 
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(ii) Suppose that X : [0, oo) —» R is continuous and that u : [0, oo) xR->-l satisfies the following: 
u,ut : [0,oo) xR->M are continuous, the limit lim^-^-oo u(t, x) = 0 is locally uniformly in 
t, and 

! u t (t, x)> f R K(x, y)u(t, y)dy + aft, x)u(t, x), x < X(t), t > 0, 
u(t,x ) >0, x > X(t), t > 0, 
u(0,:e) = uq(x) >0, i£l. 

Then u(t,x ) > 0 for (t,x) £ (0,oo) x R. 

(iii) Suppose that u : [0, oo) xR->R satisfies the following: u, Ut : [0, oo) x R —> R is continuous, 
inf t >o,a:eRM(^a;) > -oo, and 

{ u t (t,x)> f R K(x, y)u(t, y)dy + aft, x)u(t, x), i6l, t > 0, 
u(0,:r) = uq(x) >0, ieR. 

Then u(t,x) > 0 for ( t,x) £ (0,oo) x R. Moreover, if uo(x) ^ 0, then u(t,x) > 0 for 
(t, x) £ (0, oo) x R. 

Proof. See [1S1 Proposition A.l] for the proof. □ 

Definition A.2. Let to £ R and T > 0. A continuous function u : [to, to + T) x R —>- R is called a 
super-solution (or sub-solution) of (11.11) on [to, to +T) if u[t,x) is differentiable in t on (to, to +T) 
for any ifR and satisfies 

u t (t,x) > (or <) f J(x-y)u(t,y)dy + f(t,u(t,x)), (t, x) £ (t 0 , t 0 + T) x R. 

Jr 

Proposition I A. If in') gives the following comparison principal for (11.11) . 

Proposition A.3. Let to £ R and T > 0. Suppose u + (t, x) and u~(t, x) are super- and sub-solutions 
of (O) on [to, to + T), respectively. 

(i) If u + (to,-) > u~(t 0 , •), then u + (t, x) > u~(t, x) for (t, x) £ (to, to + T) x R. 

(ii) If u + (to, •) > u~(to, •) and u + (to, ■) ^ u~(to, ■), then u + (t,x) > u~(t,x) for (t,x) £ (to, to + 
T) x R. 
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